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Fine Selmer groups of congruent Galois representations
Meng Fai Lim∗ Ramdorai Sujatha†
Abstract
In this paper, we study the fine Selmer groups of two congruent Galois representations over an admissible
p-adic Lie extension. We show that under appropriate congruence conditions, if the dual fine Selmer group of
one is pseudo-null, so is the other. Our results also compare the pi-primary submodules of the two dual fine
Selmer groups. We then apply our results to compare the structure of Galois group of the maximal abelian
unramified pro-p extension of an admissible p-adic Lie extension and the structure of the dual fine Selmer
group over the said admissible p-adic Lie extension.
Keywords and Phrases: Fine Selmer groups, admissible p-adic Lie extensions, pseudo-nullity, congruence of
Galois representations.
Mathematics Subject Classification 2010: 11R23, 11R34, 11F80, 16S34.
1 Introduction
Throughout the paper, p will always denote a fixed prime. Let F be a number field. If p = 2, we assume
that F is totally imaginary. We write F cyc for the cyclotomic Zp-extension of F , whose Galois group
Gal(F cyc/F ) is in turn denoted Γ. Denote by K(F cyc) the maximal unramified pro-p extension of F cyc
in which every prime of F cyc above p splits completely. In [18], Iwasawa proved that Gal(K(F cyc)/F cyc)
is a finitely generated torsion ZpJΓK-module, and he further conjectured that this Galois group is finitely
generated over Zp (see also [17]). Throughout this article, we shall call this conjecture the Iwasawa µ-
conjecture. On the other hand, it has been known that this finite generation property does not hold for the
dual of the classical Selmer group of an abelian variety over the cyclotomic Zp-extension in general (see
[27, §10, Example 2]). It was only about a decade ago that Coates and the second named author [6, 36]
gave a correct formulation of the analogue of the Iwasawa µ-conjecture for an elliptic curve. Namely,
they considered a smaller group, called the fine Selmer group, which is a subgroup of the classical Selmer
group, and they conjectured that the Pontryagin dual of this fine Selmer group over F cyc is finitely
generated over Zp [6, Conjecture A]. Since then, analogues of this conjecture have been formulated for
fine Selmer groups attached to more general Galois representations (see [2, 19, 20, 24, 26]). In this paper,
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we shall collectively (and loosely) address these conjectures as Conjecture A. A striking observation is
that, besides being a natural analogue of the Iwasawa µ-conjecture, Conjecture A is related to the latter
conjecture in a very precise manner (see [6, Theorem 3.4], [24, Theorem 3.5], [26, Theorem 5.5], [36,
Theorem 4.5] or [39, Section 8]; also see Theorem 3.1 below).
In their paper [6], Coates and the second author also studied the structure of the fine Selmer group
over extensions of F whose Galois group G = Gal(F∞/F ) is a p-adic Lie group of dimension larger than
1. There they formulated an important conjecture on the structure of the Pontryagin dual of the fine
Selmer group of an abelian variety which predicts that the said module is pseudo-null over the Iwasawa
algebra ZpJGK (see [6, Conjecture B]). To some extent, their conjecture can be thought as an analogue
of a conjecture of Greenberg, which we now briefly describe. Recall that a Galois extension F∞ of F is
said to be a strongly admissible, pro-p, p-adic Lie extension of F if (i) G = Gal(F∞/F ) is a compact
pro-p, p-adic Lie group without p-torsion, (ii) F∞ contains the cyclotomic Zp extension F
cyc of F and
(iii) F∞ is unramified outside a finite set of primes. We denote by H the Galois group Gal(F∞/F
cyc).
Let K(F∞) denote the maximal unramified abelian pro-p extension of F∞ in which every prime above p
splits completely. When F∞ is the composite of all the Zp-extensions of F , Greenberg [11] conjectured
that Gal(K(F∞)/F∞) is pseudo-null over ZpJGK. (Actually, to be more precise, Greenberg’s original
conjecture is concerned with the pseudo-nullity of a slightly bigger Galois group.) For a general F∞,
the validity of the pseudo-nullity of Gal(K(F∞)/F∞) is not guaranteed, and this was first observed
by Hachimori and Sharifi in [13], where they constructed a class of extensions F∞ whose Galois group
Gal(K(F∞)/F∞) is not pseudo-null. Despite these constructions of Hachimori and Sharifi, Coates and
the second named author have expressed optimism that the corresponding assertion for the dual fine
Selmer group of an elliptic curve should hold, for strongly admissible extensions F∞ (see [6, Section 4]).
Since then, the question of the pseudo-nullity of the dual fine Selmer group over a general, strongly
admissible p-adic Lie extension has been the subject of much study (see [3, 19, 23, 24, 30]). In [19], Jha
formulated an analogue of this conjecture for a Hida family and its specialization. In his work, Jha was
able to show that if the dual fine Selmer group of one specialization of the Hida family is pseudo-null,
then the dual fine Selmer groups for all but finitely many specializations of the Hida family are also
pseudo-null (see [19, Theorem 10]). Of course, in view of the conjectures of Coates-Sujatha and Jha, one
expects that every (arithmetic) specialization has a pseudo-null dual fine Selmer group, and therefore,
the theorem of Jha gives a very strong evidence to this. A careful examination of Jha’s proof actually
yields a criterion of determining which arithmetic specialization has a pseudo-null dual fine Selmer group,
and the determining criterion relies on the structure of the central torsion submodule of the dual fine
Selmer group of the big Galois representation. In view of Jha’s result, it is then natural to investigate the
preservation of pseudo-nullity of the fine Selmer groups of congruent Galois representations in general.
More precisely, motivated by Jha’s theorem, the following natural question is of interest: Suppose that
the dual fine Selmer group of one of the congruent Galois representations is pseudo-null, can one deduce
the pseudo-nullity of the fine Selmer group of the other representation via a criterion on the structure of
the dual fine Selmer group of the initial representation? The primary goal of this paper is to develop such
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a criterion. As will be seen below, our criterion depends on the p-primary submodule of the dual fine
Selmer group of the initial representation (see Theorems 3.7 and 3.5). We emphasise that these dual fine
Selmer groups are expected to have trivial µOJGK-invariants and hence their p-primary submodules are
pseudo-null as OJGK-modules. However, as OJHK-modules, the structures of these p-primary submodules
are not known and it is not clear what to expect of them. Our results (Theorems 3.7 and 3.5) will therefore
consist of considering the situations when the dual fine Selmer group of the initial representation has a
trivial µOJHK-invariant and when it does not.
We then apply our criterion to study the relation between Gal(K(F∞)/F∞) and the dual fine Selmer
groups. Motivated by the relation between the Iwasawa µ-conjecture and Conjecture A, one may ask
whether there is an analogous relationship between the pseudo-nullity of Gal(K(F∞)/F∞) and the pseudo-
nullity of the dual fine Selmer groups. Of course, the constructions of Hachimori-Sharifi tell us that such
an analogue does not hold on the nose. Nevertheless, we can still ask the question of deducing the pseudo-
nullity of the dual fine Selmer groups from the knowledge of the pseudo-nullity of the Galois group of
the maximal abelian unramified pro-p extension (see Question B′ in Section 4). Some partial result in
this direction has been obtained by the first named author in [23, Theorem 2.3]. In this paper, we give
a refinement of these results (see Propositions 4.1 and 4.2). We also relate the p-primary submodule of
Gal(K(F∞)/F∞) and the π-primary submodule of the dual fine Selmer group (as ZpJHK-modules).
Finally, we return to the situation of an elliptic curve E with good ordinary reduction at all primes
above p. We deduce a relation between Conjecture A and the structure of the Selmer group of the said
elliptic curve (see Theorem 5.2). This relation can be thought of as the mod-p analogue of Mazur’s
conjecture, which states that the dual Selmer group over the cyclotomic Zp-extension is a torsion module
over the Iwasawa algebraZpJΓK. It is well known that this statement is equivalent to the defining sequence
for the Selmer group being short exact and the validity of an appropriate version of the Weak Leopoldt
conjecture. In fact, the corresponding equivalence between the dual Selmer group being torsion over the
associated Iwasawa algebra and the defining sequence for the Selmer group being short exact (modulo an
appropriate version of the Weak Leopoldt conjecture) is true for more general strongly admissible p-adic
Lie extensions (see [4, Theorem 4.12] or [22, Proposition 3.3]). In our situation, Theorem 5.2 asserts
that the dual strict Selmer group of E[p] being torsion over the associated Iwasawa algebra over Fp is
equivalent to the defining sequence for the strict Selmer group of E[p] being short exact and the validity
of Conjecture A. (Here the strict Selmer group is in the sense of Greenberg [10].) This result provides
conceptual clarity to a result of Vatsal and Greenberg (see [12, Page 18, Statement A]). In particular, we
shall apply Theorem 5.2 to give a proof of the said result of Vatsal and Greenberg (see Corollary 5.4).
We now give a brief description of the layout of the paper. In Section 2, we recall certain algebraic
notions which will be used subsequently in the paper. In Section 3, we introduce the fine Selmer groups.
It is also here that we establish our main results. In Section 4, we then apply the criterion developed in
Section 3 to relate the Iwasawa module theoretical structure of Galois groups and fine Selmer groups. In
Section 4, we then apply the criterion developed in Section 3 to relate the Iwasawa module theoretical
structure of Galois groups and fine Selmer groups. In Section 5, we revisit the situation of an elliptic
3
curve.
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2 Algebraic Preliminaries
As before, p will denote a prime number. Let O be the ring of integers of a fixed finite extension of Qp.
For a compact p-adic Lie group G, the completed group algebra of G over O is defined by
OJGK = lim
←−
U
O[G/U ],
where U runs over the open normal subgroups of G and the inverse limit is taken with respect to the
canonical projection maps. Throughout the paper, we usually work under the assumption that our group
G is pro-p and has no p-torsion. In this setting, it is known that OJGK is an Auslander regular ring with
no zero divisors (cf. [37, Theorem 3.26] and [29]). Therefore, the ring OJGK admits a skew field Q(G)
which is flat over OJGK (see [9, Chapters 6 and 10] or [21, Chapter 4, §9 and §10]). The OJGK-rank of a
finitely generated OJGK-module M is then defined to be
rankOJGK(M) = dimQ(G)
(
Q(G)⊗OJGK M
)
.
We say that the OJGK-module M is torsion if rankOJGKM = 0. We frequently make use of the following
well-known equivalent characterization for a torsion OJGK-module without further comment, namely:
HomOJGK(M,OJGK) = 0 (for instance, see [24, Lemma 4.2]). A finitely generated torsion OJGK-module
M is then said to be pseudo-null if Ext1OJGK(M,OJGK) = 0.
Let π denote a fixed local parameter for O and let k denote the residue field of O. The completed
group algebra of G over k is denoted kJGK and we have, as before,
kJGK = lim
←−
U
k[G/U ],
where U runs over the open normal subgroups of G and the inverse limit is taken with respect to the
canonical projection maps. For a compact p-adic Lie group G without p-torsion, it follows from [37,
Theorem 3.30(ii)] (or [24, Theorem A.1]) that kJGK is an Auslander regular ring. Furthermore, if G is
pro-p, then the ring kJGK has no zero divisors (cf. [1, Theorem C]). Therefore, one can define the notion
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of kJGK-rank as above when G is pro-p without p-torsion. Similarly, we say that a finitely generated
kJGK-module N is a torsion module if rankkJGK N = 0.
For a given finitely generated OJGK-module M , we denote by M(π) the OJGK-submodule of M which
consists of elements of M that are annihilated by some power of π. We shall call M(π) the π-primary
submodule of M . A finitely generated OJGK-module is then said to be π-primary if M = M(π). Since
the ring OJGK is Noetherian, the π-primary submodule M(π) of M is also finitely generated over OJGK.
Therefore, one can find an integer r ≥ 0 such that πr annihilates M(π). Following [15, Formula (33)], we
define the µ-invariant
µOJGK(M) =
∑
i≥0
rankkJGK
(
πiM(π)/πi+1
)
.
(For another alternative, but equivalent, definition, see [37, Definition 3.32].) By the above discussion
and our definition of kJGK-rank, the sum on the right is a finite one. It is immediate from the definition
that µOJGK(M) = µOJGK(M(π)).
Now suppose that G is pro-p without p-torsion. Then as seen in the discussion above, both rings OJGK
and kJGK are Auslander regular and have no zero divisors. For a finitely generated OJGK-module M , it
then follows from either [16, Proposition 1.11] or [37, Theorem 3.40] that there is a OJGK-homomorphism
ϕ :M(π) −→
s⊕
i=1
OJGK/παi ,
whose kernel and cokernel are pseudo-null OJGK-modules, and where the integers s and αi are uniquely
determined. We call
⊕s
i=1OJGK/π
αi the elementary representation of M(π). In fact, in the process of
establishing the above, one also has that µOJGK(M) =
s∑
i=1
αi (see loc. cit.). We will set
θOJGK(M) := max
1≤i≤s
{αi}.
For convenience, we recall some of the necessary results from [25] that we will need here.
Proposition 2.1. Let M and N be two finitely generated OJGK-modules such that M is a torsion OJGK-
module and such that µOJGK(M/π
i) = µOJGK(N/π
i) for every 1 ≤ i ≤ θOJGK(M) + 1.
Then N is torsion over OJGK and we have the equality θOJGK(M) = θOJGK(N). Furthermore, M(π)
and N(π) have the same elementary representations as OJGK-modules.
We actually require the following pseudo-null analogue of the above proposition.
Proposition 2.2. Let H be a closed normal subgroup of G with G/H ∼= Zp. Let M and N be two finitely
generated OJGK-modules which are also finitely generated over OJHK. Suppose that M is a pseudo-null
OJGK-module and that µOJHK(M/π
i) = µOJHK(N/π
i) for every 1 ≤ i ≤ θOJHK(M) + 1.
Then N is pseudo-null over OJGK and we have the equality θOJHK(M) = θOJHK(N). Furthermore,
M(π) and N(π) have the same elementary representations as OJHK-modules.
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Proof. If M is an OJGK-module which is finitely generated over OJHK, it then follows from a well-known
result of Venjakob [38] that M is a pseudo-null OJGK-module if and only if it is a torsion OJHK-module.
The conclusion of the proposition is now immediate consequence of Proposition 2.1.
Remark 2.3. Note that we are concerned with the µOJHK-invariants in the proposition which may not
be zero even if the modules in question are pseudo-null over OJGK.
We end this section with two more useful lemmas. For a closed subgroup U of a compact p-adic
Lie group H and a compact OJUK-module M , we denote by IndHU (M) := M⊗ˆOJUKOJHK the compact
induction of M from U to H . If M is a compact kJUK-module, we can also view it as a compact
OJUK-module and we have the identification IndHU (M) =M⊗ˆkJUKkJHK.
Lemma 2.4. Let H be a compact pro-p p-adic Lie group without p-torsion and U a closed subgroup of
H of dimension at least 1. Let N be a finitely generated OJUK-module which is finitely generated over O,
and hence torsion as an O[[U ]]-module. Then IndHU (N) is a finitely generated torsion OJHK-module with
µOJHK(Ind
H
U (N)) = 0.
Proof. By [31, Lemma 5.5], we have an isomorphism
HomOJHK(Ind
H
U (N),OJHK)
∼= Ind
H
U
(
HomOJUK(N,OJUK)
)
.
Since U has dimension at least 1 and N is finitely generated overO, it follows that N is torsion overOJUK.
Thus, the term on the right of the isomorphism is zero, and by the isomorphism, this in turns implies
that IndHU (N) is a finitely generated torsion OJHK-module. Again, using the fact that U has dimension
at least 1 and that N is finitely generated over O, we have that πnN(π)/πn+1 is torsion over kJUK. Since
IndHU (−) is an exact functor (cf. [33, Lemma 6.10.8]), it follows from a straightforward argument that
πn
(
(IndHU N)(π)
)
/πn+1 ∼= Ind
H
U
(
πnN(π)/πn+1
)
.
Via a similar argument as above, we have that πn
(
(IndHU N)(π)
)
/πn+1 is a torsion kJHK-module. Com-
bining this observation with the definition of the µOJHK-invariant will yield that µOJHK(Ind
H
U (N)) = 0.
The next lemma is a refinement of [25, Lemma 2.4.3].
Lemma 2.5. Suppose that H is a compact pro-p p-adic Lie group without p-torsion. Let ϕ : M −→ N
be a homomorphism of finitely generated OJHK-modules, whose kernel and cokernel are finitely generated
torsion OJHK-modules with trivial µOJHK-invariants. Then M(π) and N(π) have the same elementary
representations as OJHK-modules.
Proof. The statement will follow if it holds in the two special cases of exact sequences
0 −→ P −→M −→ N −→ 0,
0 −→M −→ N −→ P −→ 0,
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where P is a finitely generated OJHK-module with trivial µOJHK-invariant. We will prove the second case,
the first case has a similar argument. Choose a sufficiently large n such that πn annihilates M(π) and
N(π). Consider the following commutative diagram
0 // M
pin

// N
pin

// P
pin

// 0
0 // M // N // P // 0
with exact rows, and the vertical maps are given by multiplication by πn. From this, we obtain an exact
sequence
0 −→M(π)
ϕ
−→ N(π) −→ P (π).
Since µOJHK(P ) = 0, it follows from [37, Remark 3.33] that P (π) is a pseudo-null OJHK-module. This
gives the required conclusion in the lemma. Let
f : N(π) −→
s⊕
i=1
OJGK/παi
be a homomorphism of OJHK-modules, whose kernel and cokernel are pseudo-null OJHK-modules. Then
f ◦ ϕ :M(π) −→
s⊕
i=1
OJGK/παi
is a homomorphism of OJHK-modules, whose kernel and cokernel are pseudo-null. Therefore, M(π) and
N(π) have the same elementary representations.
3 Fine Selmer groups
We now move to arithmetic. As before, p denotes a prime. Let F be a number field. If p = 2, assume
further that the number field F has no real primes. Let K be a fixed finite extension of Qp, whose ring
of integers is denoted O. We shall also fix a choice of local parameter π for O. Suppose that we are given
a finite dimensional K-vector space V with a continuous Gal(F¯ /F )-action which is unramified outside a
finite set of primes. By a standard compactness argument, V contains a Gal(F¯ /F )-stable O-lattice which
we will fix once and for all, and denote it by T . Write A = V/T . Let S denote a finite set of primes of F
which contains all the primes above p, the ramified primes of A and the infinite primes. We then denote
by FS the maximal algebraic extension of F unramified outside S. For any algebraic (possibly infinite)
extension L of F contained in FS , we shall write GS(L) = Gal(FS/L).
Let v be a prime in S. For each finite extension L of F contained in FS , we define
Kiv(A/L) =
⊕
w|v
Hi(Lw, A) (i = 0, 1),
7
where w runs over the (finite) set of primes of L above v. If L is an infinite extension of F contained in
FS , we define
Kiv(A/L) = lim−→
L
Kiv(A/L),
where the direct limit is taken over all finite extensions L of F contained in L under the restriction maps
on the cohomology.
For any algebraic (possibly infinite) extension L of F contained in FS , the fine Selmer group of A
over L (with respect to S) is defined to be
RS(A/L) = ker
(
H1(GS(L), A) −→
⊕
v∈S
K1v (A/L)
)
.
We shall write YS(A/L) for the Pontryagin dual RS(A/L)
∨ of the fine Selmer group. The following
conjecture, first formally stated in [6], which is also implicit in [17, 18] (see discussion below), is now
folklore.
Conjecture A. For any number field F , YS(A/F
cyc) is a finitely generated O-module.
We take this opportunity to highlight the following observation. For any extension L of F cyc con-
tained in FS , let K(L) be the maximal unramified pro-p extension of L where every prime of L above
p splits completely. It then follows that every finite prime of L splits completely in K(L). Therefore,
in the case when V = Qp and A = Qp/Zp, the dual of the fine Selmer group YS(A/F
cyc) is precisely
Gal(K(F cyc)/F cyc). In this context, Conjecture A (for A = Qp/Zp) is equivalent to the conjecture made
by Iwasawa [17, 18] which we shall call the Iwasawa µ-conjecture for F cyc.
For the purpose of the paper, we will require another equivalent formulation of Conjecture A. Write
T ∗ = Homcts(A, µp∞), where µp∞ denotes the group of all p-power roots of unity. (One should not
confuse this with T .) In fact, it’s not difficult to show that T ∗ = HomO(T,O(1)), where ‘(1)’ means Tate
twist. The relationship between T, T ∗ and A is illustrated by the following diagram
T
−⊗OK/O

HomO(−,O(1))
// T ∗oo
yyss
s
s
s
s
s
s
s
s
s
s
s
s
s
s
s
s
A
Homcts(−,µp∞)
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By an application of the Poitou-Tate duality (see [6, Eqn. (45)]), we have the following exact sequence
0 −→ YS(A/L) −→ H
2
Iw(L/F, T
∗) −→
(⊕
v∈S
K0v (A/L)
)∨
,
where H2Iw(L/F, T
∗) = lim
←−
L
H2(GS(L), T
∗). By [6, Lemma 3.2] (or see [24, Lemma 3.4]), Conjecture A
holds for A over F cyc if and only if H2Iw(F
cyc/F, T ∗) is finitely generated over O. We will frequently make
use of this equivalent formulation of Conjecture A without further comment.
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As mentioned in the introductory section, Conjecture A is intimately related to the Iwasawa µ-
conjecture. This was observed by Coates and the second author in the context of an elliptic curve
(see [6, Theorem 3.4]). Subsequently, this observation has been generalized to more general p-adic
representations (for instance, see [20, Theorem 8] and [24, Theorem 3.5]). We now recall this result.
Let ρ¯ : GS(F ) −→ Autk(E[π]) be the representation induced by the Galois action of GS(F ) on E[π].
Denote by F (E[π]) the subextension of FS which is fixed by the kernel of ρ¯. Note that this is a finite
Galois extension of F . The following is a slight refinement of the observation of Coates and the second
author.
Theorem 3.1. Let F cyc be the cyclotomic Zp-extension of F . Suppose that F (E[π]) is a finite p-extension
of F . Then Conjecture A holds for E over F cyc if and only if the Iwasawa µ-conjecture holds for F cyc.
There are a number of approaches towards proving the above theorem (see [6, Theorem 3.4], [20,
Theorem 8], [24, Theorem 3.5], [26, Theorem 5.5] and [36, Theorem 4.5]). We will give a proof of the
theorem along the lines of [20, Theorem 8] and [24, Theorem 3.5]. To prepare for the proof, we need
to introduce another Galois representation. Let V ′ be another finite dimensional K-vector space with a
continuous Gal(F¯ /F )-action which is unramified outside a finite set of primes. Write B = V ′/T ′ for a
(fixed) Galois invariant lattice T ′ of V ′. From now on, our (finite) set S of primes is always assumed to
contain the primes above p, the ramified primes of A and B, and the infinite primes. We can now state
the following.
Proposition 3.2. Suppose that there is an isomorphism A[π] ∼= B[π] of GS(F )-modules. Then Conjec-
ture A holds for YS(A/F
cyc) if and only if Conjecture A holds for YS(B/F
cyc).
Proof. For Z = A,B, by a similar argument to that in [36, Proposition 4.6], one can show that Conjecture
A is equivalent to the assertion that H2(GS(F
cyc), Z[π]) = 0. The conclusion is now immediate from the
congruence condition.
We now give the proof of Theorem 3.1.
Proof of Theorem 3.1. Suppose, for now, that L′ is a finite p-extension of L. By a classical argument
(cf. [17, Theorem 3]), we have that the Iwasawa µ-conjecture holds for Lcyc if and only if the Iwasawa
µ-conjecture holds for L′cyc. Via a similar argument to that in [26, Theorem 5.5], we also have that
Conjecture A holds for YS(A/L
cyc) if and only if Conjecture A holds for YS(A/L
′cyc). Hence it suffices
to prove the equivalence in the theorem over F (A[π]). In particular, without loss of generality, we may
assume that F = F (A[π]). It then follows from this that A[π] is a trivial GS(F )-module and that
A[π] ∼= (O/π)d ∼= (Z/p)fd as GS(F )-modules. Here d = corankO(A) and f = [K : Qp]. By Proposition
3.2, Conjecture A holds for YS(A/F
cyc) if and only if Conjecture A holds for YS
(
(Qp/Zp)
fd/F cyc
)
. But
the latter clearly holds if and only if the Iwasawa µ-conjecture holds for F cyc.
We now turn to the situation of a higher dimensional p-adic Lie extension. Recall that a Galois
extension F∞ of F is said to be a strongly S-admissible, pro-p , p-adic Lie extension of F if (i) Gal(F∞/F )
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is a compact pro-p, p-adic Lie group without p-torsion, (ii) F∞ contains F
cyc and (iii) F∞ is contained
in FS , the maximal unramified outside S-extension of F , where S , as before, is a finite set of primes
which contains all the primes above p, the ramified primes fo rthe Galois representation, and the infinite
primes.. We write G = Gal(F∞/F ) and H = Gal(F∞/F
cyc). To facilitate further discussion, we record
the following lemma.
Lemma 3.3. Let F∞ be a strongly S-admissible pro-p, p-adic Lie extension of F . Then the following
statements are equivalent.
(a) YS(A/F
cyc) is a finitely generated O-module.
(b) H2Iw(F
cyc/F, T ∗) is a finitely generated O-module.
(c) YS(A/F∞) is a finitely generated OJHK-module.
(d) H2Iw(F∞/F, T
∗) is a finitely generated OJHK-module.
Proof. The proof is entirely similar to that in [6, Lemma 3.2].
By a well-known result of Venjakob [38], we have that an OJGK-module M which is finitely generated
over OJHK, is a pseudo-null OJGK-module if and only if it is a torsion OJHK-module. In view of this, we
may now pose the following question.
Question B: Let F∞ be a strongly S-admissible, pro-p, p-adic Lie extension of F of dimension > 1,
and suppose that Conjecture A holds for YS(A/F
cyc). Is YS(A/F∞) a pseudo-null OJGK-module, or
equivalently a torsion OJHK-module?
When A is the (discrete) quotient module of a Galois representation coming from arithmetic, the
assertion of the question is conjectured to always hold (see [6, 19, 24, 30]). When A = Qp/Zp, the dual
fine Selmer group is precisely Gal(K(F∞)/F∞), where K(F∞) is the maximal unramified pro-p extension
of F∞ at which every prime of F∞ above p splits completely. In this case, it is expected that the pseudo-
nullity property should hold for admissible p-adic Lie extensions “coming from algebraic geometry” (see
[13, Question 1.3] for details, and see also [34, Conjecture 7.6] for a related assertion and [35] for positive
results in this direction). However, we should mention that Hachimori and Sharifi [13] constructed a
class of admissible p-adic Lie extensions F∞ of F of dimension > 1 such that Gal(K(F∞)/F∞) is not
pseudo-null. Note that their extensions come from CM fields, where it is generally expected that these
fields cannot be realized as admissible p-adic Lie extensions which are carved out by algebraic geometrical
objects (see [13, Page 570]).
We now record a lemma which relates the module theoretical structure of the dual fine Selmer groups
and the second Iwasawa cohomology groups over certain strongly S-admissible, pro-p, p-adic Lie exten-
sions.
Lemma 3.4. Let F∞ be a strongly S-admissible, pro-p, p-adic Lie extension of F of dimension > 1.
Suppose that the following conditions are satisfied.
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(i) Conjecture A holds for YS(A/F
cyc).
(ii) For every v ∈ S, the decomposition group of G at v has dimension ≥ 2.
Then YS(A/F∞) is a pseudo-null OJGK-module if and only if H
2
Iw(F∞/F, T
∗) is a pseudo-null OJGK-
module. Furthermore, YS(A/F∞)(π) and H
2
Iw(F∞/F, T
∗)(π) have the same elementary representations
as OJHK-modules.
Proof. By the Poitou-Tate sequence (see [6, Eqn. (45)]), we have the following exact sequence
0 −→ YS(A/F∞) −→ H
2
Iw(F∞/F, T
∗) −→
(⊕
v∈S
K0v (A/F∞)
)∨
.
In view of assumption (i) and Lemma 3.3, the first two terms in the exact sequence are finitely generated
OJHK-modules. Therefore, by virtue of Lemma 2.5, the assertions of the lemma will follow once we can
show that the last term in the exact sequence is a finitely generated torsion OJHK-module with trivial
µOJHK-invariant. For each v ∈ S, fix a prime w of F∞ above v. By abuse of notation, we shall also denote
the prime of F cyc below w by w. Denote by Hw the decomposition group of H at w. Then one can check
that K0v (A/F∞)
∨ is isomorphic to a finite sum of terms of the form
IndHHw
(
A(F∞,w)
∨
)
,
where A(F∞,w) = A
Gal(F¯v/F∞,w). Since (A(F∞,w)
∨ is finitely generated over O and Hw has dimension
at least 1 by hypothesis (ii), we may apply Lemma 2.4 to conclude that IndHHw (A(F∞,w)
∨) is finitely
generated over OJHK with trivial µOJHK-invariant. Thus, the lemma is proven.
We now come to the main theme of the paper which is to study the preservation of the pseudo-nullity
property under congruences. We first mention that under the assumption of the validity of Conjecture
A, it follows from Lemma 3.3 that YS(A/F∞) is a finitely generated OJHK-module. By a standard result
of Howson [15, Lemma 2.7], this in turn implies that µOJGK(YS(A/F∞)) = 0. By [37, Remark 3.33], it
then follows that YS(A/F∞)(π) is pseudo-null as an OJGK-module. However, being a finitely generated
OJHK-module, the structure of YS(A/F∞)(π) is a more subtle issue, and this is precisely the point of our
next two theorems when considering the preservation of the pseudo-nullity of the dual fine Selmer groups
under congruences.
Theorem 3.5. Let F∞ be a strongly S-admissible pro-p p-adic Lie extension of F of dimension > 1.
Suppose that the following conditions are satisfied.
(a) There is an isomorphism A[πθA+1] ∼= B[πθA+1] of GS(F )-modules, where θA := θOJHK
(
YS(A/F∞)
)
.
(b) Conjecture A holds for YS(A/F
cyc) (and hence for YS(B/F
cyc) by Proposition 3.2 ).
(c) YS(A/F∞) is a pseudo-null OJGK-module.
(d) For each v ∈ S, the decomposition group of G at v has dimension ≥ 2.
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Then YS(B/F∞) is a pseudo-null OJGK-module. Furthermore, YS(A/F∞)(π) and YS(B/F∞)(π) have the
same elementary representations as OJHK-modules.
Remark 3.6. Note that it follows from assumption (b) that YS(A/F∞)(π) and YS(B/F∞)(π) have the
same elementary representations as OJGK-modules. In fact, as seen in the dicussion before Theorem
3.5, they are pseudo-null as OJGK-modules. The point of our theorem is that we can relate the
OJHK-module structure of the π-primary submodules of the two dual fine Selmer groups.
Proof of Theorem 3.5. For every i ≥ 0 and every open subgroup G0 of G, one has an isomorphism
ExtiOJGK(M,OJGK)
∼= ExtiOJG0K(M,OJG0K)
for any finitely generated OJGK-module M (cf. [28, Proposition 5.4.17]). Therefore, replacing F if nec-
essary, we may assume that H and G are uniform pro-p groups. By Lemma 3.4, we may work with
second Iwasawa cohomology groups which we shall do for the proof of the theorem. By Proposition 2.2,
it remains to show that
µOJHK
(
H2Iw(F∞/F, T
∗
A)/π
n
)
= µOJHK
(
H2Iw(F∞/F, T
∗
B)/π
n
)
for 1 ≤ n ≤ θH(A) + 1. Fix such an arbitrary n. We now note that it follows from [24, Lemma 2.1]
that H2Iw(F∞/F, T
∗
Z)/π
n ∼= H2Iw(F∞/F, T
∗
Z/π
nT ∗Z) for Z = A,B. By the congruence condition (a) of the
hypotheses, we have an isomorphism T ∗A/π
nT ∗A
∼= T ∗B/π
nT ∗B of GS(F )-modules which in turn induces an
isomorphism
H2Iw(F∞/F, T
∗
A/π
nT ∗A)
∼= H2Iw(F∞/F, T
∗
B/π
nT ∗B)
of OJHK-modules. The required equality of µOJHK-invariants is now an immediate consequence of this.
Thus, we have proven the theorem.
When µOJHK(YS(A/F∞)) = 0, we can prove the following theorem which has slightly weaker require-
ment on the decomposition groups of the p-adic Lie extension. Due to this weaker assumption, we cannot
employ Lemma 3.4, and so we have to work with the dual fine Selmer groups directly.
Theorem 3.7. Let F∞ be a strongly S-admissible pro-p p-adic Lie extension of F of dimension > 1.
Suppose that the following conditions are satisfied.
(a) There is an isomorphism A[π] ∼= B[π] of GS(F )-modules.
(b) Conjecture A holds for YS(A/F
cyc) (and hence for YS(B/F
cyc) by Proposition 3.2 ).
(c) We have µOJHK(YS(A/F∞)) = 0, and hence YS(A/F∞) is a pseudo-null OJGK-module.
(d) For each v ∈ S, either one of the following holds.
(i) The decomposition group of G at v, denoted by Gv, has dimension ≥ 2.
(ii) For every prime w of F∞ above v, B(F∞,w) is a divisible O-module.
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Then YS(B/F∞) is a pseudo-null OJGK-module. Moreover, we have µOJHK(YS(B/F∞)) = 0.
Proof. It follows from Lemma 3.3 and assumptions (b) and (c) that YS(A/F∞) is a finitely generated
torsion OJHK-module. By [15, Corollary 1.10] (or [24, Proposition 4.12]), we then have
0 = rankOJHK
(
YS(A/F∞)
)
= rankkJHK
(
YS(A/F∞)/π
)
− rankkJHK
(
YS(A/F∞)[π]
)
.
On the other hand, by an application of [15, Proposition 1.6, Corollary 1.7], we have
rankkJHK
(
YS(A/F∞)[π]
)
= µOJHK
(
YS(A/F∞)[π]
)
,
and the latter quantity is zero as a consequence of assumption (c). Hence we may conclude that
YS(A/F∞)/π is a torsion kJHK-module. To continue, we need to introduce the π-fine Selmer groups.
For a prime v in S, and for each finite extension L of F contained in F∞, we set
K1v (A[π]/L) =
⊕
w|v
H1(Lw, A[π]),
where w runs over the (finite) set of primes of L above v. The π-fine Selmer group (with respect to S)
is then defined to be
RS(A[π]/L) = ker
(
H1(GS(L), A[π]) −→
⊕
v∈S
K1v (A[π]/L)
)
.
Set RS(A[π]/F∞) = lim−→
L
RS(A[π]/L), where L runs through all finite subextensions of F∞/F . We then
have the following diagram
0 // RS(A[π]/F∞)
fA

// H1(GS(F∞), A[π])
gA

//
⊕
v∈S Kv(A[π]/F∞)
hA

0 // RS(A/F∞)[π] // H
1(GS(F∞), A)[π] //
⊕
v∈S
Kv(A/F∞)[π]
with exact rows. The long exact sequence in cohomology arising from 0 −→ A[π] −→ A −→ A −→ 0
shows that ker gA is finite. Thus, ker fA is also finite. Since H has dimension ≥ 1, the Pontryagin dual
of ker fA is a torsion kJHK-module. Therefore, we have a kJHK-homomorphism
YS(A/F∞)/π −→ YS(A[π]/F∞)
with cokernel which is a torsion kJHK-module. Since we have already shown above that YS(A/F∞)/π is
a torsion kJHK-module, it follows that YS(A[π]/F∞) is also a torsion kJHK-module. By assumption (a),
this in turn implies that YS(B[π]/F∞) is a torsion kJHK-module. Now consider the following diagram
0 // RS(B[π]/F∞)
fB

// H1(GS(F∞), B[π])
gB

//
⊕
v∈S Kv(B[π]/F∞)
hB

0 // RS(B/F∞)[π] // H
1(GS(F∞), B)[π] //
⊕
v∈S
Kv(B/F∞)[π]
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with exact rows. By a similar cohomological argument as above, the map gB has finite kernel and trivial
cokernel. We shall now show that kerhB is a cofinitely generated torsion kJHK-module. Write hB =
⊕whB,w, where w runs over the (finite) set of primes of F
cyc above S. Denote by Hw the decomposition
group of F∞/F
cyc corresponding to a fixed prime of F∞, which we also denote by w, above w. Then
we have kerhB,w = Coind
Hw
H
(
B(F∞,w)/π
)
, where v is the prime of F below w. If v satisfies assumption
(d)(ii), then kerhB,w = 0. Now suppose that v satisfies assumption (d)(i), a similar argument to that in
Lemma 3.4 shows that kerhB,w is a cotorsion kJHK-module. In conclusion, we have shown that kerhB is a
cofinitely generated torsion kJHK-module. By a diagram chasing argument, one then has that the cokernel
of the map fB is a cofinitely generated torsion kJHK-module. Hence we have a kJHK-homomorphism
YS(B/F∞)/π −→ YS(B[π]/F∞)
whose kernel and cokernel are torsion kJHK-modules. Combining this with the above observation that
YS(B[π]/F∞) is torsion over kJHK, we have that YS(B/F∞)/π is torsion over kJHK. By [15, Corollary
1.10] (or [24, Proposition 4.12]), we have
rankOJHK
(
YS(B/F∞)
)
= rankkJHK
(
YS(B/F∞)/π
)
− rankkJHK
(
YS(B/F∞)[π]
)
.
From these, it follows that YS(B/F∞) is a finitely generated torsion OJHK-module and YS(B/F∞)[π]
is a finitely generated torsion kJHK-module. The latter is equivalent to µOJHK
(
YS(B/F∞)
)
= 0 by [37,
Remark 3.33].
4 Comparing Galois groups and fine Selmer groups
As before, p denote a prime and F a number field. If p = 2, assume further that F has no real primes.
Let O be the ring of integers of a fixed finite extension K of Qp. Let A denote the quotient module of
a finite dimensional K-vector space, which is endowed with a continuous GS(F )-action for a finite set S
of primes. We shall also assume that the set S contains all the primes above p, the ramified primes of
A and the infinite primes. Inspired by the relation between the Iwasawa µ-conjecture and Conjecture A,
the first author is led to ask the following question (see [23]).
Question B′: Let F∞ be an S-admissible p-adic Lie extension of a number field F of dimension > 1 with
the property that GS(F∞) acts trivially on A[π]. Suppose that Gal(K(F∞)/F∞) is a finitely generated
ZpJHK-module. Can one deduce that YS(A/F∞) is a pseudo-null OJGK-module from the knowledge that
Gal(K(F∞)/F∞) is a pseudo-null ZpJGK-module?
In the same paper, the first author gave a partial answer to the above question (see [23, Theorem
2.3]). We now apply the criterion in Section 3 to derive refinements of this result. As a start, we have
the following.
Proposition 4.1. Suppose that F contains µp. Let F∞ be a strongly S-admissible pro-p p-adic Lie
extension of F of dimension > 1. Suppose that the following conditions are satisfied.
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(a) GS(F∞) acts trivially on A[π].
(b) Conjecture A holds for Gal(K(F∞)/F∞).
(c) µZpJHK(Gal(K(F∞)/F∞)) = 0. In particular, Gal(K(F∞)/F∞) is a pseudo-null ZpJGK-module.
(d) For each v ∈ S, either one of the following holds.
(i) The decomposition group of G at v, denoted by Gv, has dimension ≥ 2.
(ii) For every prime w of F∞ above v, A(F∞,w) is a divisible O-module.
Then YS(A/F∞) is a pseudo-null OJGK-module.
Proof. Since O is free over Zp, we have an isomorphism
ExtiOJGK(M,OJGK)
∼= O ⊗Zp Ext
i
ZpJGK(M,ZpJGK)
of OJGK-modules for every OJGK-module M . Therefore, it suffices to show that YS(A/F∞) is a pseudo-
null ZpJGK-module. Replacing F by a larger extension if necessary, we may assume that A[π] is a trivial
GS(F )-module. It then follows that A[π] ∼= (O/π)
d ∼= (Z/p)fd as GS(F )-modules. Here d = corankO(A)
and f = [K : Qp]. Since YS
(
(Qp/Zp)
fd/F∞
)
= Gal(K(F∞/F∞)
fd, it follows from assumption (c)
that µZpJHK
(
YS
(
(Qp/Zp)
fd/F∞
))
= 0 and YS
(
(Qp/Zp)
fd/F∞
)
is a pseudo-null ZpJGK-module. The
conclusion of the proposition now follows from an application of Theorem 3.7.
The next result considers the case when µZpJHK(Gal(K(F∞)/F∞)) 6= 0. This result also gives a
relation between the π-primary submodule of the dual fine Selmer group and the p-primary submodule
of Gal(K(F∞)/F∞).
Proposition 4.2. Let F∞ be a strongly S-admissible pro-p p-adic Lie extension of F of dimension > 1.
Suppose that the following conditions are satisfied.
(a) Gal(K(F∞)/F∞) is a finitely generated torsion ZpJHK-module.
(b) GS(F∞) acts trivially on A[π
n], where
n =
⌈
θOJHK
(
Gal(K(F∞)/F∞)
)
+ 1
e
⌉
and e is the ramification index of O/Zp.
(c) For each v ∈ S, the decomposition group of G at v has dimension ≥ 2.
Then YS(A/F∞) is a finitely generated torsion OJHK-module, and hence a pseudo-null OJGK-module.
Furthermore, YS(A/F∞)(π) and Gal(K(F∞)/F∞)(p)
fd have the same elementary representations as
ZpJHK-modules, and we have
eθOJHK
(
YS(A/F∞)
)
= θZpJHK
(
Gal(K(F∞)/F∞)
)
.
Here d = corankO(A) and f = [K : Qp].
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Proof of Proposition 4.2. Via a similar observation to that in Proposition 4.1, it suffices to show that
YS(A/F∞) is a pseudo-null ZpJGK-module. Also, replacing F if necessary, we may assume that A[π
n] =
A[pen] is a trivial GS(F )-module. It then follows that A[p
en] ∼= B[pen] as GS(F )-modules, where B =
(Qp/Zp)
fd. By assumption (b), we have that ne ≥ θOJHK
(
Gal(K(F∞)/F∞)
)
+1. In view of assumption
(a), we may apply Theorem 3.5 to obtain the conclusion of the proposition.
5 Some further remarks
In this section, we mention a result which gives a relation between Conjecture A and the structure of
the Selmer group of the residual representation. In the process of obtaining such a relation, we need to
compare the Selmer group and the so-called strict Selmer group of Greenberg [10]. To prepare for this,
we recall certain background material from [5]. Let K be a finite extension of Qp and E an elliptic curve
defined over K. Throughout our discussion, we shall always assume that our elliptic curve E has good
ordinary reduction. For every algebraic extension L of K, we denote by mL the maximal ideal of the ring
of integers of L. Let Eˆ(mL) be the formal group of E over the ring of integers of L. Kummer theory
gives us the following commutative diagram
0 // Eˆ(mK)/p

// H1(K, Eˆ(mK)[p])

// H1(K, Eˆ(mK)[p]
//

0
0 // E(K)/p // H1(K, E[p]) // H1(K, E)[p] // 0
with exact rows. Let K∞ be the cyclotomic Zp-extension of K. Then we have a similar commutative
diagram as above for each intermediate field of the extension K∞/K. Taking direct limit of these diagrams
and noting thatH1(K∞, Eˆ(mK)) = 0 (cf. [5, Corollary 3.2]), we obtain the following commutative diagram
Eˆ(mK∞)/p

∼=
// H1(K∞, Eˆ(mK)[p])
λp

0 // E(K∞)/p
κp
// H1(K∞, E[p]) // H
1(K∞, E)[p] // 0
with exact row.
Lemma 5.1. With notation as above, we have a surjection
H1(K∞, E˜[p])։ H
1(K∞, E)[p],
where E˜ denotes the reduction of E mod v.
Proof. From the commutative diagram before the lemma, we have that imλp ⊆ imκp and this in turn
induces a surjection
H1(K∞, E[p])/imλp ։ H
1(K∞, E[p])/imκ ∼= H
1(K∞, E)[p].
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It remains to show that H1(K∞, E[p])/imλp ∼= H
1(K∞, E˜[p]). But this is a consequence of the long
exact sequence in cohomology arising from
0 −→ Eˆ(mK)[p] −→ E[p] −→ E˜[p] −→ 0
which also gives the following exact sequence
H1(K∞, Eˆ(mK)[p])
λp
−→ H1(K∞, E[p]) −→ H
1(K∞, E˜[p]) −→ H
2(K∞, Eˆ(mK)[p]),
and noting that the last term is zero by the fact that Gal(K/K∞) has p-cohomological dimension ≤ 1
(cf. [28, Theorem 7.1.8(i)]).
We now turn to the number field context. Let F be a number field. From now on, E will denote an
elliptic curve defined over F . Throughout our discussion, we always assume that E has good ordinary
reduction at all primes of F above p. The classical pn-Selmer group of E is defined to be
S(E[pn]/F ) = ker
(
H1(F,E[pn]) −→
⊕
v
H1(Fv, E)[p
n]
)
,
where v runs through all the primes of F . Let S be a finite set of primes of F which contains the primes
above p, the bad reduction primes of E and the infinite primes. By [7, p. 8], we have the following
equivalent description of the pn-Selmer group
S(E[pn]/F ) = ker
(
H1(GS(F ), E[p
n]) −→
⊕
v∈S
H1(Fv , E)[p
n]
)
.
We set S(E/F ) = lim
−→
n
S(E[pn]/F ) which is precisely the classical p-primary Selmer group. Let F∞ be a
strongly admissible pro-p, p-adic Lie extension of F . Write G = Gal(F∞/F ) and H = Gal(F∞/F
cyc).
Similarly, we can define S(E[pn]/L) and S(E/L) for each finite extension L of F which is contained in
F∞. We then set S(E[p
n]/F∞) = lim−→
L
S(E[pn]/L) and S(E/F∞) = lim−→
L
S(E/L). Writing S(F∞) for the
set of primes of F∞ above S, it is not difficult to verify that
S(E[pn]/F∞) = ker
(
H1(GS(F∞), E[p
n]) −→
⊕
w∈S(F∞)
H1(F∞,w , E)[p
n]
)
and
S(E/F∞) = ker
(
H1(GS(F∞), E[p
∞]) −→
⊕
w∈S(F∞)
H1(F∞,w , E)[p
∞]
)
.
Furthermore, we have that S(E[pn]/F∞) = lim−→
L
S(E[pn]/Lcyc) and S(E/F∞) = lim−→
L
S(E/Lcyc).
We now introduce the strict Selmer group of Greenberg [10]. For each v ∈ S, we define the strict
pn-Selmer group of E over F to be
Sstr(E[pn]/F ) = ker
(
H1(F,E[pn]) −→
⊕
v∈S
H1(Fv , Dv[p
n])
)
,
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where Dv is taken to be E[p
∞] or E˜v[p
∞] according as v does not or does divide p, and here E˜v denotes
the reduction of E mod v. We then set Sstr(E[pn]/F ) = lim
−→
Sstr(E[pn]/F ). For each intermediate
subfield L of F∞/F , we have analogous definition for S
str(E[pn]/L), and we set Sstr(E[pn]/F∞) =
lim
−→
L
Sstr(E[pn]/L). The strict (p∞-)Selmer group of E over F∞ is then given by lim−→
n
Sstr(E[pn]/F∞). It
is a straightforward exercise to verify that
Sstr(E[pn]/F∞) = ker
(
H1(GS(F∞), E[p
n]) −→
⊕
w∈S(F∞)
H1(F∞,w, Dw[p
n])
)
and
Sstr(E/F∞) = ker
(
H1(GS(F∞), E[p
∞]) −→
⊕
w∈S(F∞)
H1(F∞,w , Dw[p
∞)
)
.
As before, we also have Sstr(E[pn]/F∞) = lim−→
L
Sstr(E[pn]/Lcyc) and Sstr(E/F∞) = lim−→
L
Sstr(E/Lcyc).
It is well-known that H1(F∞,w , Dw[p
∞]) = H1(F∞,w, E)[p
∞]. (This can be easily verified when w
does not divide p; in the event that w divides p, this follows from [5, Proposition 4.8].) As a consequence,
we have S(E/F∞) = S
str(E/F∞). Write X(E/F∞) for the Pontryagin dual of S(E/F∞). On the other
hand, for the p-Selmer groups, we have the following commutative diagram
0 // Selstr(E[p]/F∞)
a

// H1(GS(F∞), E[p])
ψs
//
⊕
w∈S(F∞)
H1(F∞,w, Dw[p])
ϕ

0 // Sel(E[p]/F∞) // H
1(GS(F∞), E[p])
ψ
//
⊕
w∈S(F∞)
H1(F∞,w, E)[p]
with exact rows and the map ϕ is surjective.
We can now state the main result of this section.
Theorem 5.2. Let E be an elliptic curve defined over a number field F which has good ordinary reduction
at all primes above p. Let F∞ be a strongly admissible pro-p, p-adic Lie extension of F . Suppose that
X(E/F∞) is torsion over ZpJGK. Then the following statements are equivalent.
(1) X(E/F∞) is finitely generated over ZpJHK.
(2) We have H2(GS(F∞), E[p]) = 0 and there is a short exact sequence
0 −→ Sstr(E[p]/F∞) −→ H
1(GS(F∞), E[p]) −→
⊕
w∈S(F∞)
H1(F∞,w, Dw[p]) −→ 0.
Remark 5.3. Note that the assertion “H2(GS(F∞), E[p]) = 0” in statement (2) is equivalent to Conjec-
ture A being valid for Y (E/F cyc) (see [36, Proposition 4.6]). (Actually, the said assertion is only proved
in [36, Proposition 4.6] for the cyclotomic situation but it is not difficult to check that the same argument
carries over to the general case.)
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Theorem 5.2 can be viewed as the mod p analogue of the following result, namely: the dual Selmer
over an admissible p-adic Lie extension is torsion if and only if the defining sequence for the Selmer group
is short exact and H2(GS(F∞), E[p
∞]) = 0.. We now apply Theorem 5.2 to give another different, and
slightly more conceptual, proof of a result of Vatsal and Greenberg (see [12, Page 18, Statement A]).
Corollary 5.4. Let E and E′ be two elliptic curves defined over a number field F which have good
ordinary reduction at all primes above p. Suppose that E[p] ∼= E′[p] as Gal(F¯ /F )-modules. Let F∞ be a
strongly admissible pro-p, p-adic Lie extension of F . Then X(E/F∞) is finitely generated over ZpJHK if
and only if X(E′/F∞) is finitely generated over ZpJHK.
Proof. The corollary follows from combining Theorem 5.2 with the hypothesis that E[p] ∼= E′[p].
We record another interesting corollary of Theorem 5.2. Namely, we give a sufficient condition which
ensures that the defining sequence for the classical Selmer group of E[p] is surjective.
Corollary 5.5. Let E be an elliptic curve defined over a number field F which has good ordinary reduction
at all primes above p. Let F∞ be a strongly admissible pro-p, p-adic Lie extension of F . Suppose that
X(E/F cyc) is finitely generated over Zp. Then we have a short exact sequence
0 −→ S(E[p]/F∞) −→ H
1(GS(F∞), E[p]) −→
⊕
w∈S(F∞)
H1(F∞,w, E)[p] −→ 0.
Proof. This follows from Theorem 5.2 and the diagram before Theorem 5.2. By loc. cit., the map ψs is
surjective. It then follows from the commutativity of the rightmost square that ψ is also surjective which
gives the required short exact sequence.
It therefore remains to prove Theorem 5.2. We shall first require a lemma. Set S∗(E[p]/F∞) =
lim
←−
L
(
Sstr(E[p]/L)
)
.
Lemma 5.6. We have an injection
S∗(E[p]/F∞) →֒ HomFpJGK(S
str(E[p]/F∞)
∨,FpJGK).
In particular, if Sstr(E[p]/F∞)
∨ is torsion over FpJGK, then S
∗(E[p]/F∞) = 0.
Proof. The proof is quite similar to that in [14, Proposition 7.1]. For the convenience of the reader, we shall
give a detailed proof here. For each finite extension L of F contained in F∞, we write GL = Gal(F∞/L).
The restriction maps on cohomology induces a map on Selmer groups
rL : S
str(E[p]/L) −→ Sstr(E[p]/F∞)
GL ,
whose kernel is contained in H1(GL, E(F∞)[p]). From this, we have an exact sequence
0 −→ lim
←−
m
ker(rL) −→ S
∗(E[p]/F∞) −→ lim←−
L
Sstr(E[p]/L)GL .
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Here the inverse limit is taken with respect to corestriction for the second term, and for the last term,
the inverse limit is taken with respect to the map induced by the following map
Sstr(E[p]/F∞)
GL′ −→ Sstr(E[p]/F∞)
GL , x 7→
∑
σ∈Gal(L′/L)
σ(x)
for L′ ⊇ L. Now for sufficiently large enough L, we have H1(GL, E(F∞)[p]) = E(F∞)[p]. Therefore, for
these L, the group GL acts trivially on H
1(GL, E(F∞)[p]) and hence ker(rL). It then follows that the
corestriction map from ker(rL′) to ker(rL) is precisely multiplication by [L
′ : L] for L′ ⊇ L. Since these
groups are killed by p, the said map is the zero map. Thus, we have lim
←−
L
ker(rL) = 0. Consequently, we
have an injection
S∗(E[p]/F cyc) →֒ lim
←−
L
Sstr(E[p]/F∞)
GL .
Now if M is a finite group killed by p, we have a natural non-degenerate pairing M ×M∨ −→ Fp
which induces an isomorphism
M
∼=
−→ HomFp(M
∨,Fp).
Applying this to each Sstr(E[p]/F∞)
GL and taking inverse limit, we have
lim
←−
L
Sstr(E[p]/F∞)
GL ∼= lim←−
L
HomFp
((
Sstr(E[p]/F∞)
∨
)
GL
,Fp
)
.
On the other hand, for a finitely generated FpJGK-module N , we have an isomorphism
HomFp(NGL ,Fp)
∼= HomFpJGK(N,Fp[G/GL]).
Applying this isomorphism to each
(
Sstr(E[p]/F∞)
∨
)
GL
and taking limit, we have
lim
←−
L
HomFp
((
Sstr(E[p]/F∞)
∨
)
GL
,Fp
)
∼= lim←−
m
HomFpJGK
(
Sstr(E[p]/F∞)
∨,Fp[G/GL]
)
∼= HomFpJGK
(
Sstr(E[p]/F∞)
∨,FpJGK
)
.
Combining these observations, we obtain the required injection.
Remark 5.7. When F∞ = F
cyc, one can even show that the injection in Lemma 5.6 is an isomorphism.
We can now give the proof of Theorem 5.2.
Proof of Theorem 5.2. Suppose that statement (1) holds. Being a quotient of X(E/F∞), Y (E/F∞) is
therefore finitely generated over ZpJHK. By [36, Proposition 4.6] (and see Remark 5.3), we then have
H2(GS(F∞), E[p]) = 0. In view of this, the Poitou-Tate sequence then gives us the following exact
sequence
0 −→ Sstr(E[p]/F∞) −→ H
1(GS(F∞), E[p]) −→
⊕
w∈S(F∞)
H1(F∞,w, Dw[p]) −→ S
∗(E[p]/F∞)
∨ −→ 0.
20
By virtue of statement (1), S(E[p]/F∞)
∨ is finitely generated over FpJHK, and hence torsion over FpJGK.
By Lemma 5.6, this implies that S∗(E[p]/F∞) = 0 which in turn gives the required short exact sequence.
Conversely, suppose that H2(GS(F∞), E[p]) = 0 and that one has a short exact sequence
0 −→ Sstr(E[p]/F∞) −→ H
1(GS(F∞), E[p]) −→
⊕
w∈S(F∞)
H1(F∞,w, Dw[p]) −→ 0.
A standard FpJΓK-corank calculation will show that bothH
1(GS(F∞), E[p]) and
⊕
w∈S(F∞)
H1(F∞,w , Dw[p])
have FpJGK-corank [F : Q] (see [14, Theorem 7.1] and [32, Theorem 4.1]). It then follows that S
str(E[p]/F∞)
∨
has zero FpJGK-rank. From this, it follows that X(E/F∞) is finitely generated over ZpJHK.
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